ABSTRACT. Let E be an elliptic curve defined over a number field K, let α ∈ E(K) be a point of infinite order, and let N −1 α be the set of N -division points of α in E(K). We prove strong effective and uniform results for the degrees of the Kummer extensions
1. INTRODUCTION 1.1. Setting. Let E be an elliptic curve defined over a number field K (for which we fix an algebraic closure K) and let α ∈ E(K) be a point of infinite order. The purpose of this paper is to study the extensions of K generated by the division points of α; in order to formally introduce these extensions we need to set some notation.
Given a positive integer M , we denote by E[M ] the group of M -torsion points of E, that is, the set {P ∈ E(K) : M P = 0} equipped with the group law inherited from E. Moreover, we denote by K M the M -th torsion field K(E[M ]) of E, namely, the finite extension of K obtained by adjoining the coordinates of all the M -torsion points of E. For each positive integer N dividing M , we let N −1 α := β ∈ E(K) | N β = α denote the set of N -division points of α and set
The field K M,N is called the (M, N )-Kummer extension of K (related to α), and both K M and K M,N are finite Galois extensions of K.
It is a classical question to study the degree of K M,N over K M as M, N vary, see for example [4, Théorème 5.2] , [11, Lemme 14] , or Ribet's foundational paper [23] . In particular, it is known that there exists an integer C = C(E/K, α), depending only on E/K and α, such that
for every pair of positive integers (M, N ) with N | M .
The aim of this paper is to give an explicit version of this result, and to show that it can even be made uniform when the base field is K = Q. Our first result is that, under the assumption End K (E) = Z, the integer C can be bounded (explicitly) in terms of the ℓ-adic Galois representations attached to E and of divisibility properties of the point α, and that this statement becomes false if we remove the hypothesis End K (E) = Z.
On the other hand, the assumption End Q (E) = Z is always satisfied when K = Q, and we show that in this case C can be taken to be independent of E and α, provided that α and all its translates by torsion points are not divisible by any n > 1 in the group E(Q). This is a rather surprising statement, especially given that such a strong uniformity result is not known for the closely connected problem of studying the degrees of the torsion fields K M over K.
Main results.
Our main results are the following.
Theorem 1.1. Assume that End K (E) = Z. There is an explicit constant C, depending only on α and on the ℓ-adic torsion representations associated to E for all primes ℓ, such that
for all pairs of positive integers (M, N ) with N dividing M .
The proof gives an explicit expression for C that depends on computable parameters associated with E and α. We also show that all these quantities can be bounded effectively in terms of standard invariants of the elliptic curve and of the height of α, see Remark 5.19.
Theorem 1.2.
There is a universal constant C with the following property. Let E/Q be an elliptic curve, and let α ∈ E(Q) be a point such that the class of α in the free abelian group E(Q)/E(Q) tors is not divisible by any n > 1. Then
1.3.
Structure of the paper. We start with some necessary general preliminaries in Section 2, leading up to a factorisation of the constant C of Theorem 1.1 as a product of certain contributions which we dub the ℓ-adic and adelic failures (corresponding to E, α, and a fixed prime ℓ). In the same section we also introduce some of the main actors of this paper, in the form of several Galois representations associated with the torsion and Kummer extensions. In Section 3 we then recall some important properties of the torsion representations that will be needed in the rest of the paper. In Sections 4 and 5 we study the ℓ-adic and adelic failures respectively. In Section 6 we show that one cannot hope to naïvely generalise some of the results in section 4 to CM curves. Finally, in Section 7 we prove Theorem 1.2 by establishing several auxiliary results about the Galois cohomology of the torsion modules E[M ] that might have an independent interest.
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PRELIMINARIES
2.1. Notation and definitions. The letter K will always denote a number field, E an elliptic curve defined over K, and α a point of infinite order in E(K).
For n a positive integer, we denote by ζ n a primitive root of unity of order n.
Given a prime ℓ, we denote by v ℓ the usual ℓ-adic valuation on Q and on Q ℓ . If X is a vector in Z n ℓ or a matrix in Mat m×n (Z ℓ ), we call valuation of X, denoted by v ℓ (X), the minimum of the ℓ-adic valuations of its coefficients.
, which in turn divides C.
Elementary field theory gives
where n ℓ = v ℓ (N ). To see why the first equality holds, recall that the degree [K N,ℓ n ℓ : K N ] is a power of ℓ, so the fields K N,ℓ n ℓ are linearly disjoint over K N , and clearly they generate all of K N,N . Definition 2.2. Let ℓ be a prime and N a positive integer. Let n := v ℓ (N ). We call
the ℓ-adic failure at N and
the adelic failure at N (related to ℓ). Notice that both A ℓ (N ) and B ℓ (N ) are powers of ℓ.
Example 2.3. It is clear that the ℓ-adic failure A ℓ (N ) can be nontrivial, that is, different from 1. Suppose for example that α = ℓβ for some β ∈ E(K): then we have
and the degree of this field over K ℓ n is at most ℓ 2(n−1) , so ℓ 2 | A ℓ (N ). In Example 4.4 we will show that the ℓ-adic failure can be non-trivial also when α is strongly ℓ-indivisible (see Definition 4.1).
Example 2.4. We now show that the adelic failure B ℓ (N ) can be non-trivial as well. Consider the elliptic curve E over Q given by the equation
and with Cremona label 624f2 (see [32, label 624f2] ). One can show that E(Q) ∼ = Z ⊕ (Z/2Z) 2 , so that the curve has full rational 2-torsion, and that a generator of the free part of E(Q) is given by P = (−5, 6). The 2-division points of P are given by (1 + √ −3, −3 + 7 √ −3), (−11 + 3 √ −3, 27 + 15 √ −3), and their Galois conjugates, so they are defined over Q(ζ 3 ) ⊆ Q 3 , and we have B 2 (6) 
These computations have been checked with SageMath [34] .
2.3. The torsion, Kummer and arboreal representations. In this section we introduce three representations of the absolute Galois group of K that will be our main tool for studying the extensions K M,N . For further information about these representations see for example [12, Section 3] , [5] , and [17] .
2.3.1. The torsion representation. Let N be a positive integer. The group E[N ] of N -torsion points of E is a free Z/N Z-module of rank 2. Since the multiplication-by-N map is defined over K, the absolute Galois group of K acts Z/N Z-linearly on E[N ], and we get a homomorphism
The field fixed by the kernel of τ N is exactly the N -th torsion field K N . Thus, after fixing a Z/N Z-basis of E[N ], the Galois group Gal(K N | K) is identified with a subgroup of GL 2 (Z/N Z) which we denote by H N .
As N varies, and provided that we have made compatible choices of bases, these representations form a compatible projective system, so we can pass to the limit over powers of a fixed prime ℓ to obtain the ℓ-adic torsion representation τ ℓ ∞ : Gal(K | K) → GL 2 (Z ℓ ). We can also take the limit over all integers N (ordered by divisibility) to obtain the adelic torsion rep-
One can also pass to the limit on the torsion subgroups themselves, obtaining the ℓ-adic Tate module
The Kummer representation.
Let M and N be positive integers with N | M . Let β ∈ E(K) be a point such that N β = α. For any σ ∈ Gal(K | K M ) we have that σ(β) − β is an N -torsion point, so the following map is well-defined:
Since any other N -division point β ′ of α satisfies β ′ = β + T for some T ∈ E[N ], and the coordinates of T belong to K N ⊆ K M , the map κ N does not depend on the choice of β. It is also immediate to check that κ N is a group homomorphism, and that the field fixed by its kernel is exactly the (M, N )-Kummer extension of K. Fixing a basis of E[N ] we can identify the Galois group Gal(K M,N | K M ) with a subgroup of (Z/N Z) 2 . It is then clear that K M,N is an abelian extension of K M of degree dividing N 2 , and the Galois group of this extension has exponent dividing N .
In the special case M = N we denote by V N the image of
By passing to the limit in the previous constructions we also obtain the following:
• There is an ℓ-adic Kummer representation
• We can identify the Galois group Gal(
Notice that W ℓ ∞ is the projection of W ∞ in Z 2 ℓ , and since W ℓ ∞ is a pro-ℓ group and there are no nontrivial continuous morphisms from a pro-ℓ group to a pro-ℓ ′ group for ℓ = ℓ ′ we have
for every pair of positive integers (N, M ) with N | M . For every N 1, the map
is an injective homomorphism (similarly to [12, Proposition 3.1] ) and thus identifies the group
It will be important for our applications to notice that V N comes equipped with an action of H N coming from the fact that V N is the (abelian) kernel of the natural map Gal(K N,N | K) → H N . More precisely, the action of h ∈ H N on v ∈ V N is given by conjugating the element
We obtain similar statements by suitably passing to the limit in N :
can be identified with a subgroup of V N : this follows from inspection of the diagram
r r r r r r r r r r K M ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ K N,N
2.4. Curves with complex multiplication. If End K (E) = Z we say that E has complex multiplication, or CM for short. In this case End K (E) is an order in an imaginary quadratic field, called the CM-field of E. The torsion representations in the CM case have been studied for example in [9] and [10] .
In this case, the image of the torsion representation τ ℓ ∞ is closely related to the Cartan subgroup of GL 2 (Z ℓ ) corresponding to End K (E), defined as follows: Definition 2.7. Let F be a reduced Q ℓ -algebra of degree 2 and let A ℓ be a Z ℓ -order in F . The Cartan subgroup corresponding to A ℓ is the group of units of A ℓ , which we embed in GL 2 (Z ℓ ) by fixing a Z ℓ -basis of A ℓ and considering the left multiplication action of A × ℓ . If A is an order in an imaginary quadratic number field, the Cartan subgroup of GL 2 (Z ℓ ) corresponding to A is defined by taking A ℓ = A ⊗ Z ℓ in the above.
More precisely, when E/K is an elliptic curve with CM, the image of the ℓ-adic torsion representation τ ℓ ∞ is always contained (up to conjugacy in GL 2 (Z ℓ )) in the normaliser of the Cartan subgroup corresponding to End K (E), and is contained in the Cartan subgroup itself if and only if the complex multiplication is defined over the base field K.
In order to have a practical representation of Cartan subgroups, we recall the following definition from [18] :
Parameters for C always exist, see [18, §2.3] .
Remark 2.9 ([18, Remark 9]). One may always assume that γ, δ are integers. Furthermore, one can always take γ ∈ {0, 1}, and γ = 0 if ℓ = 2.
We also recall the following explicit description of the normaliser of a Cartan subgroup [ 
PROPERTIES OF THE TORSION REPRESENTATION
Torsion representations are studied extensively in the literature; we have in particular the following fundamental theorem of Serre [27] , which applies to all elliptic curves (defined over number fields) without complex multiplication:
There is also a CM analogue of Theorem 3.1, which is more easily stated by introducing the following definition:
Definition 3.2. Let E/K be an elliptic curve and ℓ be a prime number. We say that the image of the ℓ-adic representation is maximal if one of the following holds:
• E does not have CM over K and H ℓ ∞ = GL 2 (Z ℓ ).
• E has CM over K by an order A in the imaginary quadratic field F , the prime ℓ is unramified in F and does not divide In the rest of this section we recall various important properties of the torsion representations: we shall need results that describe both the asymptotic behaviour of the mod ℓ n torsion representation as n → ∞ ( §3.1 and 3.2) and the possible images of the mod ℓ representations attached to elliptic curves defined over the rationals ( §3.3). 
Proof. This follows from Theorem 3.1 in the non-CM case and from classical results in the CM case. See also [17, Lemma 10 and Remark 13] for a more general result.
Definition 3.5. We call an integer n ℓ as in Proposition 3.4 a parameter of maximal growth for the ℓ-adic torsion representation. We say that it is minimal if n ℓ − 1 is not a parameter of maximal growth; when ℓ = 2, we require that the minimal parameter be at least 2.
Remark 3.6. The assumption n ℓ 2 when ℓ = 2 will be needed to apply [17, Theorem 12] .
Remark 3.7. Given an explicit elliptic curve E/K and a prime ℓ, the problem of determining the optimal value of n ℓ can be solved effectively (see [17, Remark 13] ). However, computing n ℓ can be challenging in practice, because the naïve algorithm requires the determination of the Galois groups of the splitting fields of several large-degree polynomials. The situation is usually better for smaller primes ℓ, and especially for ℓ = 2, for which the 2-torsion tower is known essentially explicitly (see [25] for a complete classification result when K = Q, and [35] for a description of the 2-torsion tower of a given elliptic curve over a number field).
In Section 5 we will need to bound the minimal parameter of maximal growth for the ℓ-adic torsion representation defined over certain extensions of the base field. We will do so with the help of the following Lemma:
Lemma 3.8. LetK be a finite extension of K. Let n ℓ (resp.ñ ℓ ) be the minimal parameter of maximal growth for the ℓ-adic torsion representation attached to E/K (resp. E/K). Theñ
Proof. Let n 0 := n ℓ + v ℓ ([K : K]) + 1 and consider the following diagram:
, where δ is as in Proposition 3.4, and we get
Consider now the tower of extensions
and notice that by the pigeonhole principle for at least one n ∈ {n ℓ , n ℓ + 1, . . . , n 0 − 1} we must have 
For the next result we shall need a well-known Lemma about twists of elliptic curves:
There is an extension F of K, of degree dividing 12, such that E 1 and E 2 become isomorphic over F .
Proof. Fixing a Q-isomorphism between E 1 and E 2 allows us to attach to E 2 a class in
, the class of E 2 corresponds to the class of a certain
Corollary 3.11. Let K be a number field and ℓ be a prime number. There exists an integer n ℓ with the following property: for every elliptic curve E/K, the minimal parameter of maximal growth for the ℓ-adic representation attached to E is at most n ℓ .
Proof. Let n be the integer whose existence is guaranteed by Theorem 3.9. By the general theory of CM elliptic curves, we know that there are finitely many values j 1 , . . . , j k ∈ Q such that for every CM elliptic curve E/K we have j(E) ∈ {j 1 , . . . , j k }. For each such j i , fix an elliptic curve E i /K with j(E i ) = j i . To every E i /K corresponds a minimal parameter of maximal growth for the ℓ-adic representation that we call m i . Let n ℓ = max{n, m i + 2 i = 1, . . . , k}: we claim that this value of n ℓ satisfies the conclusion of the Corollary. Indeed, let E/K be any elliptic curve. If E does not have CM, the minimal parameter of maximal growth for its ℓ-adic representation is at most n n ℓ . If E has CM, then there exists i such that j(E) = j i = j(E i ), so E is a twist of E i . By Lemma 3.10 the curves E and E i become isomorphic over an extension F/K of degree dividing 12, so if m (resp.m, resp.m i ) denotes the minimal parameter of maximal growth for E/K (resp. for E/F , resp. for
where the equality follows from the fact that E and E i are isomorphic over F , while the inequalitym i m i + 2 follows from Lemma 3.8 and the fact that v ℓ ([F : K]) v ℓ (12) 2 for every prime ℓ.
3.3.
Possible images of mod ℓ representations. We recall several results concerning the images of the mod ℓ representations attached to elliptic curves over Q.
We begin with a famous Theorem of Mazur. Let T 0 := {p prime | p 17} ∪ {37}. 
Then H p is conjugate to one of the following:
of N ns (p).
Moreover, the last case can only occur if p ≡ 2 (mod 3).
Corollary 3.14. Let E/Q be a non-CM elliptic curve and p ∈ T 0 be a prime. The following hold:
Proof.
(1) We apply Theorem 3.13. If H p is either GL 2 (F p ) or conjugate to N ns (p), the conclusion follows trivially, since C ns (p) contains all scalars. In case (iii) of Theorem 3.13, H p contains the cubes of the scalars, hence all scalars since p ≡ 2 (mod 3). (2) We only have to consider cases (ii) and (iii) of Theorem 3.13. Up to conjugation, we may assume that H p ⊆ N ns (p) and the claim becomes g p ∈ N ns (p). In case (ii) it suffices to check that the normaliser of N ns (p) is N ns (p) itself. This holds because C ns (p), being the only cyclic subgroup of index 2 of N ns (p), is characteristic in N ns (p); hence any element that normalises N ns (p) normalises C ns (p) as well, so it must be in N ns (p). In case (iii), one similarly sees that {a 3 | a ∈ C ns (p)} is characteristic in D(p) and that its normaliser is N ns (p), and the conclusion follows as above. Proof. Let h ∈ H be any element that is congruent modulo ℓ to λ Id. Let λ ∈ Z × ℓ be the Teichmüller lift of λ (that is, λ ℓ = ℓ and λ ≡ λ (mod ℓ)) and write h = λh 1 , where h 1 = Id +ℓA for some A ∈ Mat 2 (Z ℓ ). The sequence h ℓ n = λ ℓ n h ℓ n 1 = λh ℓ n 1 converges to λ Id, because for every n we have h ℓ n 1 = (Id +ℓA) ℓ n ≡ Id (mod ℓ n ). As H is closed, the limit of this sequence, namely λ Id, also belongs to H as claimed.
THE ℓ-ADIC FAILURE
The aim of this section is to study the ℓ-adic failure A ℓ (N ) for a fixed prime ℓ. The divisibility properties of α in the group E(K) play a crucial role in the study of this quantity, so we begin with the following definition:
Definition 4.1. Let α ∈ E(K) and let n be a positive integer. We say that α is n-indivisible over K if there is no β ∈ E(K) such that nβ = α; otherwise we say that α is n-divisible or divisible by n over K. Let ℓ be a prime number. We say that α is strongly ℓ-indivisible over K if the point α + T is ℓ-indivisible over K for every torsion point T ∈ E(K) of ℓ-power order. Finally, we say that α is strongly indivisible over K if its image in the free abelian group E(K)/E(K) tors is not divisible by any n > 1, or equivalently if α is strongly ℓ-indivisible over K for every prime ℓ.
Our aim is to give an analogue of the following result, which bounds the index of the image of the Kummer representation, in those cases when the torsion representation is not surjective.
4.1. An exact sequence. We shall need to understand the divisibility properties of α not only over the base field K, but also over the division fields of E. Thus we turn to studying how the divisibility of the point α by powers of ℓ changes when passing to a field extension. Our main tool will be the following Lemma.
Lemma 4.2. Let L be a finite Galois extension of K with Galois group G. For every m 1 there is an exact sequence of abelian groups
where the injective map on the left is the natural inclusion.
Proof. Consider the short exact sequence of G-modules
and the beginning of the long exact sequence in cohomology,
Noticing that
and that
the lemma follows.
We shall often use this Lemma in the special case of m = ℓ n being a power of ℓ: in this context, the quotient
4.2. Divisibility in the ℓ-torsion field. As an example, we investigate the situation of Lemma 4.2 with m = ℓ and L = K ℓ . In this case the exact sequence becomes
The following Lemma can also be found in [13, Section 3] . 
, where S ℓ is an ℓ-Sylow subgroup of H ℓ . This is either trivial, in which case H 1 (H ℓ , E[ℓ]) = 0, or cyclic of order ℓ. In the latter case, up to a change of basis for E[ℓ] we can assume that S ℓ is generated by σ = 1 1 0 1 .
One can conclude the proof by explicitly computing the cohomology of the cyclic group σ as in [13, Lemma 7] .
In [13] the authors classify the cases when H 1 (H ℓ , E[ℓ]) = 0 for K = Q and they give rather complete results in case K is a number field with K ∩ Q(ζ ℓ ) = Q. In particular, it turns out that, for K = Q, the group H 1 (H ℓ , E[ℓ]) can be non-trivial only when ℓ = 3, 5, 11, and only when additional conditions are satisfied (see [13, Theorem 1] ).
The next Example shows that for K = Q a point in E(Q) that is strongly 3-indivisible may become 3-divisible over the 3-torsion field.
Example 4.4. Consider the elliptic curve E over Q given by the equation
with Cremona label 17739g1 (see [32, label 17739g1] ). We have E(Q) ∼ = Z ⊕ Z/3Z, with a generator of the free part given by P = . One can show that P is strongly 3-indivisible.
Since the Q-isogeny class of E consists of exactly two curves, by [13 
is such that 3Q = P .
A computer search performed with the help of the LMFDB [32] and of Pari/GP [33] shows that there are only 20 elliptic curves with conductor less than 4 × 10 5 satisfying this property for ℓ = 3, none of which has conductor less than 17739.
4.3. Divisibility in the ℓ-adic torsion tower. As we have seen in the previous Section, the ℓ-divisibility of a point can increase when we move along the ℓ-adic torsion field tower. We would now like to give a bound on the extent of this phenomenon.
Our purpose in this section is to prove Proposition 4.9 (essentially an application of Sah's lemma, see [26, Proposition 2.7 (b)] and [3, Lemma A.2]), which will allow us to give such a bound in terms of the image of the torsion representation.
Lemma 4.5. Let L be a finite Galois extension of K containing K ℓ n and let G := Gal(L|K).
Proof. Applying Lemma 4.2 with M = ℓ k+1 we have that the quotient
Lemma 4.6. Assume that for some n 0 1 we have (1+ℓ n 0 ) Id ∈ H ℓ n (if n n 0 the condition is automatically satisfied). Then the exponent of
Proof. Let λ = (1 + ℓ n 0 ) Id and let ϕ :
Using that λ is central in H ℓ n and that ϕ is a cocycle, for any g ∈ H ℓ n we have
that is, ℓ n 0 ϕ is a coboundary. This proves that
Assume that E does not have complex multiplication and let n ℓ 1 be a parameter of maximal growth for the ℓ-adic torsion representation. Then for every n n ℓ and for
Proof. We prove this by induction. For n = n ℓ the statement is trivial, so suppose (Id +ℓ n ℓ g) mod ℓ n belongs to H ℓ n for some n > n ℓ . Since the map H ℓ n+1 → H ℓ n is surjective we can lift this element to an element of the form Id +ℓ n ℓ g + ℓ n g ′ ∈ H ℓ n+1 , where
where we use the fact that ℓ 2n (g ′ ) 2 = ℓ n+n ℓ g ′ g = 0 since we are working modulo ℓ n+1 .
In the special case g = Id, the same result also holds for elliptic curves with complex multiplication:
Lemma 4.8. Let E be an arbitrary elliptic curve and let n ℓ 1 be a parameter of maximal growth (in particular, n ℓ 2 if ℓ = 2). For every n n ℓ we have (1 + ℓ n ℓ ) Id ∈ H ℓ n .
Proof. In the light of the previous lemma we may assume that E has complex multiplication, so that the image of the torsion representation is contained in the normaliser of a Cartan subgroup of GL 2 (Z ℓ ). The equality #H ℓ n+1 = ℓ 2 #H ℓ n for n n ℓ is equivalent to the fact that
where T is the tangent space to the image of the Galois representation as introduced in [17, Definition 9] and further studied in [18, Definition 18] . We proceed by induction, the base case n = n ℓ being trivial. By surjectivity of H ℓ n+1 → H ℓ n and the inductive hypothesis, we know that H ℓ n+1 contains an element reducing to (1 + ℓ n ℓ ) Id modulo ℓ n , that is, an element of the form M n+1 := (1 + ℓ n ℓ ) Id +ℓ n t. Here t is an element of T: to see this, notice that M n+1 is congruent to the identity modulo ℓ n ℓ , so it cannot lie in the non-trivial coset of the normaliser of a Cartan subgroup ([18, Theorem 40]), and therefore belongs to the Cartan subgroup itself.
But then M n+1 is of the form x δy y x + γy for appropriate parameters (γ, δ), hence
belongs to T by the explicit description given in [18, Definition 18] . Using the equality ker (H ℓ n+1 → H ℓ n ) = Id +ℓ n T we see that H ℓ n+1 also contains Id −ℓ n t, so it contains
as claimed.
Proposition 4.9. Assume that α is strongly ℓ-indivisible in E(K). Let n ℓ be a parameter of maximal growth for the ℓ-adic torsion representation. Then for every n the point α is not
Proof. By Lemma 4.8 the group H ℓ n contains (1 + ℓ n ℓ ) Id, so by Lemma 4.6 the exponent of
We conclude by Lemma 4.5.
4.4.
The ℓ-adic failure is bounded. In this section we establish some general results that will form the basis of all subsequent arguments (in particular Lemma 4.10 and Proposition 4.11) and use them to show that the ℓ-adic failure A ℓ (N ) can be effectively bounded (Theorem 4.15).
Lemma 4.10. Assume that for some
Proof. Assume by contradiction that every element of V ℓ ∞ has valuation at least d+1. Then the image of
The second part can be proved in exactly the same way.
The following group-theoretic Proposition will be applied in this section and in Section 7. In all of our applications the group H will be the image of the ℓ-adic torsion representation associated with some elliptic curve. 
Proof. The assumptions and the conclusions of the Proposition are invariant under changes of basis in Z 2 ℓ , so we may assume that v = ℓ d e 1 is in V , where e 1 = 1 0 .
(1) It is clear that A contains ℓ n Mat 2 (Z ℓ ), so we have
It is enough to show that A contains ℓ 3n+v ℓ (4δ) Mat 2 (Z ℓ ), and the conclusion follows as in (1) above.
Suppose first that γ = 0, and let M 0 = x 0 −δy 0 y 0 −x 0 ∈ H \ C and M 1 = 1 + ℓ n x 0 δℓ n y 0 ℓ n y 0 1 + ℓ n x 0 ∈ H. The existence and the form of such matrices follow from the assumptions and from the description of Cartan subgroups and their normaliser given in Definition 2.8 and Lemma 2.10. 4) . Together with the diagonal matrices found above, these elements clearly generate ℓ 3n+v ℓ (4δ) Mat 2 (Z ℓ ), and we are done.
If γ = 0, by Remark 2.9 we may assume γ = 1 and ℓ = 2. In this case let
and using the fact that det
) we obtain that A contains all diagonal matrices of valuation at least 2n. We can then conclude as before.
Proposition 4.12. Assume that α is strongly ℓ-indivisible in E(K) and let n ℓ be a parameter of maximal growth for the ℓ-adic torsion representation.
(1) Assume that E does not have complex multiplication. Then for every k 1 we have
Assume that E has complex multiplication by A := End K (E), and that K does not contain the imaginary quadratic field A ⊗ Z Q. Let (γ, δ) be parameters for the Cartan subgroup of
Proof. By Remark 2.6, in order to show part (1) it is enough to prove ℓ 2n ℓ T ℓ (E) ⊆ V ℓ ∞ . To see that this holds, notice that by Lemma 4.10 and Proposition 4.9 there is an element of valuation at most n ℓ in V ℓ ∞ . Now we just need to apply Proposition 4.11(1) with H = H ℓ ∞ , V = V ℓ ∞ and d = n = n ℓ . Part (2) can be proved in the same way using Proposition 4.11 (3) .
In §6 we will show that a naïve analogue of Proposition 4.12 does not hold in case E has complex multiplication defined over K.
is a point of order ℓ h , for some h, d 0. Notice that it is always possible to do so: first, let β ∈ E(K) and d be such that α = ℓ d β + T for some T ∈ E(K) of order a power of ℓ, with d maximal. Assume then by contradiction that β is not strongly ℓ-indivisible. This means that there are γ, S ∈ E(K) with S of order a power of ℓ such that β = ℓγ + S. But then
, contradicting the maximality of d.
Remark 4.14. Letĥ be the canonical (Néron-Tate) height on E, as described in [31, Section VIII.9]. Following [22] , it is possible to bound the divisibility parameters d and h in terms of h(α), the degree of K over Q, the discriminant ∆ E of E over K and the Szpiro ratio σ = 1 if E has everywhere good reduction
where N E denotes the conductor of E over K. In fact, [22, Theorem 1] gives the bound 
. Now in view of [22, Theorem 2] for any non-torsion point
where again c 2 = 104613. We thus obtain the effective bound d 
Theorem 4.15. Let ℓ be a prime and assume that End K (E) = Z (i.e. either E does not have CM, or it has CM but the complex multiplication is not defined over K).
There is an effectively computable constant a ℓ , depending only on α and on the ℓ-adic torsion representation associated to E, such that A ℓ (N ) divides ℓ a ℓ for all positive integers N .
Moreover, a ℓ is zero for every odd prime ℓ such that α is ℓ-indivisible and for which the ℓ-adic torsion representation associated with E is maximal (see Definition 3.2). For the finitely many
remaining primes ℓ we can take a ℓ as follows: let n ℓ be a parameter of maximal growth for the ℓ-adic torsion representation and let d be as in Remark 4.13 . If E has CM over K, let (γ, δ) be parameters for the Cartan subgroup of GL 2 (Z ℓ ) corresponding to End K (E). Then:
Proof. Let α = ℓ d β + T h as described above. Notice that if α is strongly ℓ-indivisible we have d = 0, and the conclusion follows from Proposition 4.12. If the ℓ-adic torsion representation is maximal, the fact that a ℓ is zero in the cases stated follows from [12, Theorem 5.2 and Theorem 5.8].
We now study the ℓ-adic failure A ℓ (N ) in the general case. Let n = v ℓ (N ) and notice that the claim is trivial for n d, so we may assume n > d. Since
we have that
, and since we have
we get
so in view of Remark 2.1 we are reduced to proving the statement for β instead of α. Since β is strongly ℓ-indivisible, we can conclude as stated at the beginning of the proof.
The fact that a ℓ is effective follows from the fact that one can effectively compute a parameter of maximal growth for the ℓ-adic torsion representation (Remark 3.7), an upper bound for the value of d (Remark 4.14), and the endomorphism ring End K (E) ( [1] , [8] , [16] ).
THE ADELIC FAILURE
In this section we study the adelic failure B ℓ (N ), that is, the degree of the intersection K ℓ n ,ℓ n ∩ K N over K ℓ n . Notice that this intersection is a finite Galois extension of K ℓ n .
5.1.
Intersection of torsion fields in the non-CM case. We first aim to establish certain properties of the intersections of different torsion fields of E, assuming for this subsection that E does not have complex multiplication over K. Our main tool (Theorem 5.3) is a refinement of [6, Theorem 3.3.1], and will appear in an upcoming paper of F. Campagna and P. Stevenhagen. The proof of the stronger version we need requires only minor changes with respect to that of [6, Theorem 3.3.1], and can be easily derived from it using the following well-known lemmas (see [27] and [29] ). For every ℓ ∈ S we have K ℓ n ∩ K M = K for all M, n 1 with ℓ ∤ M .
Remark 5.4. The finite set S appearing in Theorem 5.3 can be computed explicitly. In fact, it is well known that one can compute the discriminant of K and the set of primes of bad reduction of E. An algorithm to compute the set of primes for which the mod ℓ representation is not surjective is described in [37] .
As a corollary, we give a slightly more precise version of [29, §3.4, Lemma 6]. 
Then we have
Proof. By Theorem 5.3 we have that, for any p ∈ S and any e 0, the field K p e is linearly disjoint over K from K M 2 and from K q f for every q = p and every f 1. Moreover we have
and the Corollary follows by standard Galois theory.
Remark 5.6. LetK be the compositum of the fields K p for all p ∈ S, where S is as in Theorem 5.3. In the following section it will be important to notice that S is stable under base change toK. More precisely, letS be the set of all primes ℓ that satisfy one of the following:
(ii') E has bad reduction at some prime ofK above ℓ; (iii') the modulo ℓ torsion representation attached to E/K is not surjective.
ThenS = S.
Indeed, the inclusionS ⊇ S is easy to see: clearly conditions (i) and (iii) imply (i') and (iii') respectively, so we only need to discuss (ii). Let p be a prime of K (of characteristic ℓ) at which E has bad reduction, and let q be a prime ofK lying over p. We need to show that ℓ ∈S. If E has bad reduction at q we have ℓ ∈S by (ii'), while if E has good reduction at q then p ramifies inK by [31, Proposition VII.5.4 (a)], so we have ℓ | disc(K | Q) and ℓ is inS by (i').
Conversely, let ℓ ∈S. If (ii') holds, then clearly also (ii) holds, and ℓ is in S. Suppose that (i') holds. If ℓ divides 30, then it is in S by (1) .
, then it is in S by (1), while if it divides disc(K | K) then we have ℓ ∈ S by [31, Proposition VIII.1.5(b)]. We may therefore assume that (i') and (ii') do not hold. Since ℓ is inS, (iii') must hold, that is, the modulo-ℓ torsion representation attached to E/K is not surjective. We claim that the same is true for E/K. Indeed, if ℓ is in S this is true by definition, while if ℓ ∈ S the previous corollary shows that K ℓ is linearly disjoint fromK, so the images of the modulo-ℓ representations over K and overK coincide.
5.2.
The adelic failure is bounded. We now go back to the general case of E possibly admitting complex multiplication.
Fix an integer N > 1 and a prime number ℓ dividing N . Write N = ℓ n R with ℓ ∤ R and recall that the adelic failure B ℓ (N ) is defined to be the degree
In this section we study this failure for N = ℓ n R, starting with a simple Lemma in Galois theory.
We now establish some properties of certain subfields of K ℓ n R,ℓ n .
(c) F is the intersection of the maximal abelian extension of T contained in K ℓ n ,ℓ n and the maximal abelian extension of T contained in K R .
Proof. (a) By Lemma 5.7 we have F K
Follows from (a) and standard Galois theory. For (c), notice that F is abelian over T by (b), so it must be contained in the maximal abelian extension of T contained in K ℓ n ,ℓ n and in the maximal abelian extension of T contained in K R . On the other hand, F cannot be smaller than the intersection of these abelian extensions, because by definition it is the intersection of K ℓ n ,ℓ n and K R .
and we conclude by Lemma 5.8(b) . In what follows we will need to work over a certain extensionK of K; this extension will depend on the prime ℓ. More precisely, we give the following definition.
Definition 5.10. LetK be the finite extension of K defined as follows:
• If E has complex multiplication, we takeK to be the compositum of K with the CM field of E. This is an at most quadratic extension of K. Notice that in this case by [19, Lemma 2.2] we haveK n = K n for every n 3.
• If E does not have CM and ℓ is not one of the primes in the set S of Theorem 5.3, we just letK = K. Notice that this happens for all but finitely many primes ℓ.
• If E does not have CM and ℓ is one of the primes in the set S of Theorem 5.3, we let K be the compositum of all the K p for p ∈ S. Notice that in this caseK ℓ =K.
We shall use the notationK M (respectivelyK M,N ) for the torsion (resp. Kummer) extensions ofK. We shall also writẽ
for the images of the ℓ n -torsion representation and of the (ℓ n , ℓ n )-Kummer map attached to E/K. Finally, we letñ ℓ be the minimal parameter of maximal growth for the ℓ-adic torsion representation overK. Notice that, thanks to Lemma 3.8, we haveñ ℓ n ℓ + v ℓ ([K : K]).
Proposition 5.11. The extension F ′ :=K ℓ n ,ℓ n ∩K R is abelian overK.
Proof. This is well known if E has complex multiplication because thenK R is itself abelian overK, see for example [30, Theorem II.2.3] . In case E does not have complex multiplication and ℓ is not in the set S of Theorem 5.3, this follows easily by considering the diagram
is a quotient ofṼ ℓ n , hence abelian. Thus we can assume that E does not have CM and that ℓ is in the set S of Theorem 5.3.
Notice that F ′ is a Galois extension ofK with degree a power of ℓ, since the same is true for K ℓ n ,ℓ n |K and F ′ ⊆K ℓ n ,ℓ n . Letting r denote the radical of R, the degree of [F ′ : F ′ ∩K r ], which is still a power of ℓ, divides [K R :K r ], which is a product of primes dividing R. So since ℓ ∤ R we obtain [F ′ : F ′ ∩K r ] = 1, that isK ℓ n ,ℓ n ∩K R =K ℓ n ,ℓ n ∩K r , and we may assume that R is squarefree. Write now R = R 1 R 2 , where R 1 is the product of the prime factors of R that are not in S and R 2 is the product of the prime factors of R that belong to S. By definition ofK we haveK R =K R 1 , so we may further assume that no prime p ∈ S divides R. By Corollary 5.5 we then have Gal(K R |K) ∼ = GL 2 (Z/RZ).
Since F ′ ⊆K R , there must be a normal subgroup D = Gal(K R | F ′ ) GL 2 (Z/RZ) of index a power of ℓ. In order to conclude we just need to show that D contains SL 2 (Z/RZ), for then Gal(F ′ |K) ∼ = GL 2 (Z/RZ)/D is abelian.
which is a normal subgroup of SL 2 (F p ). Here we identify SL 2 (F p ) with the corresponding direct factor of SL 2 (Z/RZ). The quotient SL 2 (F p )/D p cannot have order a power of ℓ unless it is trivial (recall that in our case p 5), so we deduce that D ⊇ SL 2 (F p ). As this is true for every p | R, we have D ⊇ SL 2 (Z/RZ), and we are done.
In what follows, whenever A is an abelian group and Q is a group acting on A, we denote by [A, Q] the subgroup of A generated by elements of the form gv − v for v ∈ A and g ∈ Q. For example, we will consider the case A =Ṽ ℓ n and Q =H ℓ n . Proof. We have an injective map of short exact sequences
from which we get the exact sequence
Proof. Let J 1 and J 2 be the maximal abelian extensions ofK contained inK ℓ n andK ℓ n ,ℓ n respectively. Then we have Gal(
by Lemma 5.12. Let moreover F ′ :=K ℓ n ,ℓ n ∩K R and T ′ :=K ℓ n ∩K R . By Proposition 5.11 we have F ′ ⊆ J 2 and clearly also T ′ ⊆ J 1 (indeed T ′ is abelian overK since it is a sub-extension of F ′ ). Consider the compositum J 1 F ′ inside J 2 .
It is easy to check that
Now applying Proposition 5.9 withK in place of K we get that
and using that [K ℓ n R,ℓ n :
it is easy to see that
.
We conclude that
So we are left with giving an upper bound on the ratio #Ṽ ℓ n /#[Ṽ ℓ n ,H ℓ n ]: this is achieved in the following Proposition.
Proposition 5.14. For every n, the order ofṼ
whereñ ℓ is the minimal parameter of maximal growth for the ℓ-adic torsion representation of E/K.
Proof. By Lemma 4.8, the groupH ℓ n contains (1+ℓñ ℓ ) Id. This implies that for every
that is, [Ṽ ℓ n ,H ℓ n ] contains ℓñ ℓṼ ℓ n . The claim now follows from the fact thatṼ ℓ n is generated over Z/ℓ n Z by at most two elements.
Lemma 5.15. Assume that ℓ 5 is unramified in K | Q and that the image of the mod ℓ torsion representation is
, and in particular H ℓ n = GL 2 (Z/ℓ n Z). By [12, Theorem 5.2] we have V ℓ n = (Z/ℓ n Z) 2 , so it is enough to consider 
Proof. By [15, Theorem 1.5], the image of the ℓ-adic representations attached to both E/K and
The case ofṼ ℓ n is similar. Proof. Let n be the ℓ-adic valuation of N . By Proposition 5.13, the adelic failure B ℓ (N )
• Suppose that E does not have CM over Q, that α is ℓ-indivisible, that ℓ > 5 is unramified in K | Q, that the mod ℓ torsion representation is surjective, and that E has good reduction at all places of K of characteristic ℓ. Under these assumptions, the prime ℓ does not belong to the set S of Theorem 5.3, so we haveK = K and
. We conclude because this quotient is trivial by Lemma 5.15.
• In the CM case, the conclusion follows from Lemma 5.
For all other primes, combining Proposition 5.13 and Proposition 5.14 we get that B ℓ (N ) divides [K : K] · ℓ 2ñ ℓ and we conclude using Lemma 3.8.
Remark 5.18. The proof shows that the inequality v ℓ (B ℓ (N )) 2n ℓ + 3v ℓ [K : K] holds for every prime ℓ and for every rational point α ∈ E(K). In other words, for a fixed prime ℓ the adelic failure can be bounded independently of the rational point α.
We can finally prove our first Theorem from the introduction: 
A COUNTEREXAMPLE IN THE CM CASE
We give an example showing that Proposition 4.12 does not hold in the CM case when ℓ is split in the field of complex multiplication, and that in fact in this case there can be no uniform lower bound on the image of the Kummer representation depending only on the image of the torsion representation, even when α is strongly ℓ-indivisible.
Let E/Q be an elliptic curve with complex multiplication over Q by the imaginary quadratic field F . Let α ∈ E(Q) be such that the ℓ n -arboreal representation attached to (E, α) maps onto (Z/ℓ n Z) 2 ⋊ N ℓ n for every n 1, where N ℓ n is the normaliser of a Cartan subgroup C ℓ n of GL 2 (Z/ℓ n Z). Suppose furthermore that ℓ is split in Consider now the image of the arboreal representation associated with the triple (E/F, α, ℓ). Base-changing E to F has the effect of replacing the normaliser of the Cartan subgroup with Cartan itself: more precisely we have ω ℓ n (Gal(F ℓ n ,ℓ n | F )) = (Z/ℓ n Z) 2 ⋊ C ℓ n for every n 1. As ℓ is split in the quadratic ring End Q (E), so is the Cartan subgroup C ℓ n , and therefore we can assume -choosing a different basis for E[ℓ n ] if necessary -that C ℓ n is the subgroup of diagonal matrices in GL 2 (Z/ℓ n Z). Fix now a large n and let
Using the explicit group law on (Z/ℓ n Z) 2 ⋊ C ℓ n one checks without difficulty that B ℓ n is a subgroup of (Z/ℓ n Z) 2 ⋊ C ℓ n : indeed, given two elements g 1 = (t 1 , M 1 ) and g 2 = (t 2 , M 2 ) in B ℓ n , we have
and (since M 1 is diagonal) the second coordinate of t 1 + M 1 t 2 is a linear combination (with Z/ℓ n Z-coefficients) of the second coordinates of t 1 , t 2 , hence is zero modulo ℓ n−1 . Finally, let K ⊂ F ℓ n ,ℓ n be the field corresponding by Galois theory to the subgroup B ℓ n of (Z/ℓ n Z)
We now study the situation of Proposition 4.12 for the elliptic curve E/K and the point α. By construction, the image of the ℓ n−1 -torsion representation attached to (E/K, ℓ) is C ℓ n−1 , so the parameter of maximal growth can be taken to be n ℓ = 1. We claim that α ∈ E(K) is strongly ℓ-indivisible. The modulo-ℓ torsion representation is surjective onto C ℓ , so that in particular no ℓ-torsion point of E is defined over K, and strongly ℓ-indivisible is equivalent to ℓ-indivisible. To see that this last condition holds, notice that if α were ℓ-divisible then we would have K ℓ,ℓ = K ℓ . However this is not the case, because by construction Gal(K ℓ,ℓ | K ℓ ) = {t ∈ (Z/ℓZ) 2 : t ≡ ( * , 0) (mod ℓ)} has order ℓ. Finally, for k = n − 3 we have
which is very far from containing E[ℓ k ] -in fact, the index of V ℓ k+2n ℓ in E[ℓ k+2n ℓ ] can be made arbitrarily large by choosing larger and larger values of n. Notice that in any such example the ℓ-adic representation will be surjective onto a split Cartan subgroup of GL 2 (Z ℓ ).
UNIFORM BOUNDS FOR THE ADELIC KUMMER REPRESENTATION
Our aim in this section is to show:
There is a positive integer C with the following property: for every elliptic curve E/Q and every strongly indivisible point α ∈ E(Q), the image
This result immediately implies Theorem 1.2:
Proof of Theorem 1.2. By Remark 2.6, for every N | M the ratio
As in Subsection 3.3, we will denote by T 0 the finite set of primes
7.1. Bounds on Cohomology Groups. Let E/Q be an elliptic curve and N 1 , N 2 be positive integers with N 1 | N 2 . The first step in the proof of Theorem 7.1 is to bound the exponent of the cohomology group
In the course of the proof we shall need the following technical result, which will be proved in Section 7.2. 
Then the exponent of 
Proof. We can prove the statement separately for CM and non-CM curves, and then conclude by taking the least common multiple of the two constants obtained in the two cases.
Assume first that E/Q has CM over Q. Let 
Notice that the image of λ − 1 in Z ℓ is nonzero for all ℓ, and that it is invertible for almost all ℓ. The claim follows from the fact that d is bounded.
Assume now that E does not have complex multiplication over Q. As cohomology commutes with finite direct products we have
Fix an ℓ in this sum and let
where ℓ k is the largest power of ℓ dividing N 2 . By the inflation-restriction sequence we get
since by definition J fixes E[ℓ v ], this is the same as
It is clear that the exponent of
is the least common multiple of the exponents of the direct summands
, so we can focus on one such summand at a time. Furthermore, the above inflation-restriction exact sequence shows that the exponent of
It is enough to give a uniform bound for the exponents of these two cohomology groups. 
For ℓ ∈ T 0 let n ℓ be a universal bound on the parameter of maximal growth of the ℓ-adic representation, as in Corollary 3.11. By Lemma 4.8 we have (1 + ℓ n ℓ ) Id ∈ H ℓ k , and from Lemma 4.6 we obtain that the exponent of
• Proof. Without loss of generality we can assume that n = ℓ e is a power of a prime ℓ. Since Q ∞ is the union of the torsion fields Q N , there exists N such that α is divisible by ℓ e over Q N , and we may assume that ℓ e divides N . The claim then follows from Lemma 4.5, since by Proposition 7.3 the exponent of
is a power of ℓ that divides C 1 . 
corresponding to End Q (E). If n ℓ is a parameter of maximal growth for the ℓ-adic torsion representation, then
Proof. Part (1) follows from Lemma 4.10, since by Corollary 7.4 the point α is not divisible by ℓ v ℓ (C 1 )+1 over Q ∞ . Parts (2), (3) and (4) then follow from Proposition 4.11 (for part (4) observe that no elliptic curve over Q has CM defined over Q).
We can now prove the main Theorem of this section.
Proof of Theorem 7.1. As already explained, we have W ∞ = ℓ W ℓ ∞ , so we obtain
Notice that by Theorem 3.12 for ℓ ∈ T 1 there is no elliptic curve over Q with a rational subgroup of order ℓ. By Lemma 7.5 (3), for ℓ ∈ T 1 we have
Now it is enough to prove the Theorem separately in the CM and in the non-CM case, and then take the least common multiple of the two constants obtained.
Suppose first that E does not have CM over Q. Applying Lemma 7.5(2) we see that [T ℓ (E) :
, where n ℓ is a parameter of maximal growth for the ℓ-adic torsion for E. By Theorem 3.9 this can be bounded uniformly in E. Since C 1 does not depend on E, each factor of the right hand side of (2) is uniformly bounded.
Assume now that E has complex multiplication over Q and let (γ, δ) be parameters for the Cartan subgroup of GL 2 (Z ℓ ) corresponding to End Q (E). Applying Lemma 7.5(4), we see that
, where n ℓ is a parameter of maximal growth for the ℓ-adic torsion representation for E, which is uniformly bounded by Corollary 3.11. It remains to show that v ℓ (δ) can be bounded uniformly as well. This follows from the fact that δ only depends on the Q-isomorphism class of E, and that there are only finitely many rational j-invariants corresponding to CM elliptic curves.
7.2. Proof of Proposition 7.2. Recall the setting of Proposition 7.2: E/Q is a non-CM elliptic curve, N is a positive integer, and ℓ is a prime factor of N . Let ℓ k be the largest power of ℓ dividing N and
The question is to study the exponent of the group
In order to do this, we shall study the conjugation action of g ∈ H N on the abelianisation of J. More generally, we shall also consider the conjugation action of elements in GL 2 (Z/N Z) that normalise J.
It will be useful to work with a certain subgroup J(2) of J. More generally, we introduce the following notation.
Definition 7.6. Let G be a group and M a positive integer. We denote by G(M ) the subgroup of G generated by g M | g ∈ G .
Lemma 7.7. The subgroup J(2) is normal in J, the quotient group J/J(2) has exponent at most 2, J(2) is stable under the conjugation action of H N , and
Proof. Clearly J(2) is a characteristic subgroup of J, so it is normal in J and stable under the conjugation action of H N on J. Given a coset hJ(2) ∈ J/J(2) we have (hJ(2)) 2 = h 2 J(2) = J(2) since h 2 ∈ J(2) by definition, so the quotient J/J(2) is killed by 2. Finally, take a homomorphism ψ : J → E[ℓ k ] stable under the conjugation action of H N and denote by d the exponent of the abelian group Hom J(2),
H N , so it satisfies dψ| J(2) = 0, and thus given any h ∈ J we have dψ| J(2) (h 2 ) = 0. This implies that for every h ∈ J we have 2dψ(h) = 0, hence ψ is killed by 2d. Since this is true for all ψ, the claim follows.
We will also need the following two simple lemmas:
Lemma 7.8. Let E/Q be an elliptic curve and let M 37 be an integer. If ℓ > M + 1 is a prime number, then H ℓ ∞ (M ) contains a homothety λ Id with λ ≡ 1 (mod ℓ).
Proof. By Corollary 3.14, since ℓ > M + 1 > 37, the image of the modulo-ℓ representation contains all the homotheties. In particular, if µ ∈ F × ℓ is a generator of the multiplicative group F × ℓ , then H ℓ contains µ Id, so by Lemma 3.15 H ℓ ∞ contains µ Id, where µ ∈ Z × ℓ is congruent to µ modulo ℓ. So H ℓ ∞ (M ) contains µ M Id, which is nontrivial modulo ℓ since µ has order ℓ − 1 > M . Lemma 7.9. Let p be a prime and let n be a positive integer (with n 2 if p = 2). For every positive integer k let U k = x ∈ Z p | x ≡ 1 (mod p k ) . Let M be a positive integer. Then
Proof. Let y ∈ U n+vp(M ) and let a = y − 1. By [7, Corollary 4.2.17 and Corollary 4.2.18(1)], the p-adic integer x = exp(M −1 log y) is well defined and satisfies v p (x − 1) v p (M −1 a) n. Therefore x ∈ U n and clearly x M = y.
We will derive Proposition 7.2 from the following statement: For every g ∈ H N , every ψ ∈ Hom J(2), E[ℓ k ] H N and every h ∈ J(2) we have is uniformly bounded, and trivial for ℓ sufficiently large.
To see this, recall that by Theorem 3.9 there exists an integer n 1, independent of E, such that H ℓ k contains Id +ℓ n Mat 2 (Z/ℓ k Z) (and we have n 2 if ℓ = 2). By Lemma 7.9, for every E/Q the group H ℓ k (M ) contains all scalar matrices in Mat 2 (Z/ℓ k Z) that are congruent to the identity modulo ℓ n+v ℓ (M By Lemma 7.8, H ℓ k (M ) contains a homothety which is nontrivial modulo ℓ, so we are done since the only fixed point of this homothety is 0.
We now turn to the proof of Proposition 7.10. We start by showing that we may assume N to be of the form ℓ k · p|N,p =ℓ p. To see this, let N = ℓ k p|N,p =ℓ p ep be arbitrary and let N ′ := ℓ k p|N,p =ℓ p. There is an obvious reduction map J → Gal(Q N ′ | Q ℓ k ). The kernel K of this map is a subgroup of J whose order is divisible only by primes p | N, p = ℓ. Recall that we will be considering Hom(J, E[ℓ k ]) H N . Let ψ : J → E[ℓ k ] be a homomorphism: we claim that ψ factors via the quotient Gal(Q N ′ | Q ℓ k ). Indeed, all the elements in K have order prime to ℓ, hence they must go to zero in E[ℓ k ]. Therefore we may assume N = N ′ , that is, N = ℓ k · p|N,p =ℓ p.
We identify H N with a subgroup of GL 2 (Z/ℓ k Z) × p|N,p =ℓ GL 2 (Z/pZ) and J with the subgroup of H N consisting of elements having trivial first coordinate, and for g ∈ H N we write g = (g ℓ , g p 1 , . . . , g pr ) with g ℓ ∈ GL 2 (Z/ℓ k Z) and g p i ∈ GL 2 (Z/p i Z). Finally, for p | N , p = ℓ we denote by π p i : H N → GL 2 (Z/p i Z) the projection on the factor corresponding to p i , and we denote by π ℓ : H N → GL 2 (Z/ℓ k Z) the projection on the factor corresponding to ℓ.
Lemma 7.11. Let p be a prime factor of N with p 7, p = ℓ. Suppose that the modulo-p representation attached to E/Q is surjective. Then J(2) contains {1}× · · · × {1}× SL 2 (Z/pZ)× {1} × · · · × {1}.
7.11 we have that J(2) contains h i = (1, 1, . . . , 1, g 2 p i /λ i , 1, . . . , 1). Letting h = h 1 · · · h s , we obtain that the action of g 2 h −1 is the same as that of g 2 . But the element µ = (1, . . . , 1, λ 1 , 1, . . . , 1) · · · (1, . . . , 1, λ s , 1, . . . , 1) is central in GL 2 (Z/N Z), soĝ 2 = g 2 h −1 µ −1 normalises J(2) and it induces the same action as g 2 on J(2) ab .
Let M = lcm{exp PGL 2 (F p ) : p ∈ T 0 }, where exp PGL 2 (F p ) denotes the exponent of the group PGL 2 (F p ).
Remark 7.15. Notice that M is even. Moreover, for any g ∈ GL 2 (Z/N Z) and any p ∈ T 0 with p | N and p = ℓ we have that π p (g M ) is a scalar in GL 2 (F p ), since it is trivial in PGL 2 (F p ).
We now prove Proposition 7.10, using the constant M just introduced.
Proof of Proposition 7.10. Write as before g = (g p ). We divide the prime factors of N different from ℓ into three sets as follows: P 0 = {p | N such that p ∈ T 0 , p = ℓ} , P 1 = {p | N such that H p = GL 2 (F p ), p = ℓ} , P 2 = {p | N such that H p is conjugate to a subgroup of N ns (p), p = ℓ} .
Notice that by Theorem 3.13 each prime factor of N different from ℓ belongs to one of these three sets.
We now apply Corollary 7.14 with {p 1 , . . . , p s } = P 1 to obtain an elementĝ ∈ GL 2 (Z/N Z) such that π p (ĝ) = Id for every p ∈ P 1 and such thatĝ 2 induces on J(2) ab the same conjugation action as g 2 . In particular,ĝ M induces on J(2) ab the same conjugation as g M (recall that M is even).
We now prove that this conjugation action is trivial by showing thatĝ M commutes with every element of J (2) . It suffices to show that for each p | N the projection π p (ĝ M ) commutes with every element of π p (J(2)).
• Case p ∈ P 0 : by Remark 7.15, π p (ĝ M ) is a scalar, thus it commutes with all of GL 2 (F p ).
• Case p ∈ P 1 : by construction π p (ĝ M ) is trivial.
• Case p ∈ P 2 : by Corollary 3.14 applied to π p (ĝ), there is h ∈ GL 2 (F p ) such that π p (ĝ) ∈ hN ns (p)h −1 and H p ⊆ hN ns (p)h −1 . Since M is even and C ns (p) has index 2 in N ns (p), π p (ĝ M ) ∈ hC ns (p)h −1 and π p (J(2)) ⊆ a 2 | a ∈ H p ⊆ hC ns (p)h −1 . Since C ns (p) is abelian, π p (ĝ M ) commutes with every element of π p (J(2)).
• Case p = ℓ: by construction π p (J(2)) is trivial.
